The rolling stock rostering problem with maintenance constraints is NP-hard. In this paper, a two-stage approach is proposed. Relaxing the maintenance constraints, a transition network with minimum train unit is established in the first stage. A heuristic algorithm based on the transitions interchange is devised to search for a feasible maintenance route. The algorithm is verified with the operational timetable of Guangzhou-Shenzhen railway, and the performance is satisfactory. Without consideration of empty movements, the algorithm can just be applied in the situation where the depots are well planned.
Introduction
Before the year 2007, all the passenger trains on the traditional railway lines in China were built-up with locomotive(s) and cars. The locomotives and passenger car fleets are managed under a different department and operated separately according to different plans. As the passenger trains often run across great distances and take several days, most of the trains are allocated with multiple car fleets. A car fleet is often assigned to execute a given train, except for a few short-distance trains. The composition of fleets often persists over a relatively long time unless there is maintenance.
With the train speed upgrade project and the development and operation of passenger dedicated rail lines, Electrical Motor Units (EMU) are employed in the operation of high-speed trains which run at 200-300km/h speed. There are two component forms of EMU in railway of China: the short form with 8 vehicles as a unit and the long form with 16 vehicles as a unit. Two short units can be coupled together if they are of the same model. The combination and disassembling of EMU are conducted in the depot. Inspections and maintenances on the EMU must be performed based on the regulated operational time and distance [1] .
Due to the high cost of EMU, and the fact that most of the high-speed trains are operated in short and middle-range distance, shorter non-commercial time is desired to improve the utilization of EMU. As a result, one EMU is often required to operate for multiple trains.
Based on the characteristics of the operation of EMU in railway of China, the optimization algorithm of EMU circulation problem with given train schedule is studied in this paper. The rest of the paper is organized as the following: an elaboration to the circulation of EMU in railway of China is presented in Section 2, the literature review is given in Section 3, the proposed heuristic algorithm is investigated in Section 4, the results of our computational experiments are presented in Section 5, and we conclude in Section 6.
The EMU circulation problem in railway of China
Several terminologies from [2] are adopted in our discussion of the EMU circulation problem. A route is a path between two given stations. A ride is a train unit on a certain route with distinct departure and arrival time. The connection relationship of two consecutive rides carried out by one EMU is called transition.
In China's railway, the type of EMU and the number of cars are assigned during the line plan stage. Hence, only the transition between the rides carried out by same type of EMU are to be investigated, and no shunting will occur in stations.
We define a rotation is the order of rides performed by one EMU from the end of a class one maintenance to the end of the next maintenance. A circulation is the aggregation of all rotations. A feasible circulation in China railway must meet the following constraints:
(1) Every train must be assigned with required type and amount of EMU. i.e., every scheduled ride must belong to one single rotation. This is called the ride cover constraint.
(2) The transition time should be longer than the necessary turnaround time in stations.
(3) To meet the maintenance regulation of EMU. In railway of China, the 1 st class and the 2 nd class inspection and maintenance can be carried out in any depot. The 1 st class inspections are daily inspections with a period of 4000km or 48h for the most types of EMU. The 2 nd and higher class inspections or maintenance are generally with long intervals and are time-consuming, and such inspections are arranged by dispatcher according to the short term operation plan, and are not studied in our research.
Typically, to meet the demand of passenger flow, unless absolute necessary, there will be no empty train movements in China in order to reduce the waste of the infrastructure capacity. If the feasible EMU circulation for a timetable does not exist, the operator will reschedule the timetable with changing the departure time, canceling or adding some trains till the feasible solution emergence. Therefore, the empty movement is not included in our work.
Without the empty movements, indexes for evaluating circulation are the amount of EMU, and the number of inspections.
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Hence, the lower bound of inspection times is determined by:
minimum number of inspection number of inspection by time number of inspection by mile
The increase of number of inspection renders higher operation cost and consumes more depot capacity.
Based on the above discussion, we can draw a conclusion that EMU circulation problem is a Rolling Stock Rostering problem with time and distance maintenance constraints (RSR-M).
Literature review
Lots of research has been conducted on the rolling stock circulation. In Anderegg et al. [2] , some basic concept in the operation of passenger trains are introduced, Erlebach et al. [3] summarizes the operation of passenger trains into basic models and variable constraints, and he states that the Rolling Stock Rostering with Maintenance constraint is a NP-Hard problem.
In the literature, there are different ways in solving such problems with different constraints and characteristics due to the background of the problems and the empirical demands. Arianna et al. [4] studies the circulation planning of multiple types train unit operated on a single line. The objective of their research is to minimize the number of train units and the operational kilometers under the constraints that the given amount of passenger being matched with the consideration of the sequence of train units. Mixed Integer Programming is utilized and CPLEX is employed in solving the problem. Fioole et al. [5] and Maróti [6] optimize the rolling stock circulation with the consideration of trains combining and splitting. CPLEX is employed in the solution, and several heuristic methods are designed to improve the efficiency. Marc and Kroon [7] models the rolling stock circulation problem with Integer Programming. The objective of the model is to maximize the satisfaction of passenger's demand, and the combining and splitting of train units are also taken into consideration. The Column Generation is used in solving the model. Cordeau et al. [8] studies the simultaneous optimal problem of the locomotives and cars. A basic model is built for the assignment of locomotives and cars, and the model is extended with maintenance constraints. Column generation methods are embedded into the Brunch and bound algorithm and this algorithm is used to solve the mentioned problem. Zhao [9] studies the daily circulation of train units, the problem is broken into two parts, one is the train assignment and the other is the maintenance routing. The problem is modeled with the Traveling Salesman Problem (TSP) and a local searching algorithm based on probability theory is designed to find the solution.
Our study is different from the previous ones including in two things. First, we hierarchize the multi-objective by constructing the transition network with minimum train unit number and heuristic searching maintenance routes. Second, an interchange method with heuristic is adopted to find the feasible solution.
The heuristic algorithm for the EMU circulation
The circulation problem is with great complexity due to the ride cover constraint and maintenance constraint, and it is proved to be a NP-Hard problem in [3, 10] . A review on circulation planning algorithms is found in [11] , where algorithms like set partition with path generation, TSP heuristic with random choice or Lagrange relax, min-cost flow or bipartite matching with heuristic searching are discussed.
In our proposed algorithm, an interchange method similar to [2, 10, 11 ] is adopted. But with improvement on the network construction and the heuristic rules. A two-stage scheme is employed in our algorithm. The objective of the first stage is to minimize the amount of EMU and interchange method is applied in the construction of the transition network without the maintenance constraints. In the second stage, the interchange method is applied in finding the route that meet the maintenance constraint in the network constructed during the first stage, and the final circulation plan is completed at the end of the second stage. There are two steps in the second stage: (a) Finding of maintenance route, the maintenance route may violate the maintenance constraint. (b) Adjustment of maintenance route, so that it meets the maintenance constraint, and the solution of the EMU circulation is thereby formed.
In the following, we will discuss the construction of transition network in section 4.1, and the construction of maintenance route will be introduced in 
Construction of the transition network
For a given timetable, some notions are defined in table 1. 
then ij e is a maintenance arc noted as ij e .
www In the network, a rotation is a route which starts from a head node of maintenance arc, and ends up with a tail node of maintenance arc. Any node must be covered by only one route.
The first step in the construction of the ride network is to establish the connection relations between nodes. Although the EMU of a terminated train can execute any departure train which meets the criterion of (5), if the total transition time cannot be guaranteed to be the minimum, the amount of EMU will be increased. Bipartite graph matching can be used to construct transition network with the objective of minimum total connecting time. The bipartite graph can be established with two sets of departure time and arrival time, and the matching weights from equation (5) . To ensure perfect matching of bipartite graph, i.e. there is connection for every ride, for stations where the number of arrival trains and departure trains is not equal, empty movements of EMU must be added as compensation, i.e. to add some extra nodes so that the number of nodes in the two sets are equal.
There are many methods for solving such matching problems. In [12] , First Arrival First Departure (FAFD) method is presented and it is proved to be able to achieve the optimal resolution, with the computational complexity of O(nlogn). The assignment problem of EMU and the assignment problem of locomotives are identical when there is no coupling and uncoupling of trains, and the FAFD method can be employed to find optimal solution, noted as .
A transition network must include as many as possible optimal matching solutions so that to supply a sufficient searching space. As the timetable of trains cycles with period, as indicated in [13] , for any station, if the connection relations of ij e and ' ' i j e meets the criterion in (7), a new matching solution can be obtained by swapping the two connection relations of a given matching solution. This feature is illustrated in Fig. 2 . Multiple optimal matching solutions can be derived from an initial solution  according to (7) . Transitions interchange.
The following notations are given for the definition of the transition network.
For a given solution , k  is the number of maintenance arcs, and
is the times that node v being the tail node of maintenance arc. The algorithm for the establishment of transition network is depicted in Fig. 3 . 
Generating the maintenance routes
The objective of this process is to find at most k * routes in G, and these routes covers all nodes in the network, and each node are covered only once. Every route, which starts with the head node (included) of maintenance arc and ends
Proc Establish_Netwok Begin
Employ FAFD method to match rides with the objective of A matching solution  is consisted of one or more circuits that cover all nodes, the maintenance arcs split it into several routes. Equation (4) gives the lower bound of the optimal number of maintenance in an EMU circulation, i.e. the minimum number of routes. Hence, to get the optimal number of maintenance, k non-mutually exclusive maintenance arcs should be selected as the starting and ending of a circulation. These maintenance arcs are the candidate maintenance arcs, noted as .
The first problem in searching for maintenance routes is the choice of .
Every combination of maintenance arcs represents a group of . There are cases where there are feasible solutions in the network, but they are not in the selected group of .  must be changed and reselected for these cases.
To reduce the number of iterations, maintenance arcs with more matching solutions is more preferable as . The selection process is: first, select  nodes randomly as the candidate tail nodes of maintenance arcs, nodes with bigger ( ) v   are with high priority,  maintenance arcs can be obtained based on these nodes. To speedup the searching for optimal solution,  is initialized as k   . Secondly, with the  maintenance arcs as known matching, the FAFD method is employed again to search for . If the total weight of  is bigger than the optimal matching weight, the nodes will be reselected, otherwise  is the set of all maintenance routes.
Adjustment of maintenance routes
The maintenance routes have to be transformed into feasible solutions if they are non-feasible. Swapping connection relations is adopted to transform the solutions, the objective of the swapping is to make 0 1
If the maintenance routes set is P, for two maintenance routes 
Swapping the connection to adjust maintenance routes. The objective of swapping is to shorten those long maintenance routes to make them feasible rotations. Therefore, the swapping should be performed on the longest illegal rotations in the rotation set, the point of intersection is preferably located in the middle of maintenance route so that to speedup this process. To avoid duplicated swapping at the same intersection point, an "escape-list" is used, and all the intersection points where the swapping is performed are listed in. Points in the list are not reused for swapping except for a better optimal status achieved at the point. 
be the optimal status of the set P, and is initialized as    . O is the global escape-list, and its minimum length is E . The algorithm for the adjustment of maintenance routes is given in Fig. 5 .    ; add x to O; Loop End Proc End will be applied to update , and readjustment will occur under this condition.  will be increased by 1 if it is unable to update  with  until * k   .
As the transition network is constructed with the shortest transition time, and this guaranteed minimum amount of EMU. The algorithm for the adjustment of maintenance route shortens the length of rotation rapidly. Meanwhile, the selection of maintenance arcs enables the fast finding of high quality solution. Consequently, our algorithm is fast in search of solutions with minimum EMU.
Computational experiments
The case study of algorithm is base on the actual timetable form GuangzhouShenzhen railway line which is located in the south China. There are 156 trains scheduled and 3 turnaround stations, which are Guangzhou, Guangzhou East and Shenzhen. The maintenance station is Guangzhou East. The total rides kilometrage is 20,368Km and the summation of travel time is 9,455 minutes. In the case study, we set the parameters 12 s b  ,   4,000Km,   2,880min and  =120 min. According to equation (1) and (4), the minimum number of EMU utilized and the number of inspection is 13 and 7 respectively.
The transition network with E =156, V =388 and * k =8 is established by 170 times interchange. The algorithm runs 10 rounds on the PC (Pentium4 3.0GHz, 512M Ram, Windows XP) and the results is listed in table 1. According to the different candidate maintenance arcs selected, the algorithm has various interchange iterations. 
Conclusion
The RSR problem imposes maintenance constraints on a matching problem, and this makes it a NP-hard problem. In this paper, a network approach for the EMU www.witpress.com, ISSN 1743-3509 (on-line) assignment is proposed, with the aim of minimizing the amount of EMU for operation so that to alleviate the shortage of EMU situation of railway of China. The network is divided into multiple searching spaces based on the possibility of the existence of high-quality solutions, and a heuristic algorithm is devised to search for feasible solutions in the searching spaces with a swapping method. The algorithm is verified with the operational time table of Guang-Shen railway. Our algorithm is based on the assumption that the depots of EMU are wellplanned. There could be no solution when this assumption is not valid, and the algorithm has a low efficiency in the situation of no solution. Hence, to determine the existence of feasible solution in a shorter time and to find a way of dealing with the situation of no solution so as to guarantee the minimum of the amount of EMU is the direction of our future works.
